Abstract. Let (R, m) be a Noetherian local ring and I a m-primary ideal. In this paper, we study an inequality involving the number of generators, the Loewy length and the multiplicity of I. There is strong evidence that the inequality holds for all integrally closed ideals of finite colength if and only if Spec R has sufficiently nice singularities. We verify the inequality for regular local rings in all dimensions, for rational singularity in dimension 2, and cDV singularities in dimension 3. In addition, we can classify when the inequality always hold for a Cohen-Macaulay R of dimension at most two. We also discuss relations to various topics: classical results on rings with minimal multiplicity and rational singularities, the recent work on pg ideals by Okuma-Watanabe-Yoshida, a conjecture of Huneke, Mustaţǎ, Takagi, and Watanabe on F -threshold, multiplicity of the fiber cone, and the h-vector of the associated graded ring.
Introduction
Let (R, m) be a Noetherian local ring of dimension d ≥ 1 and I be an integrally closed, m-primary ideal. Let µ(I) and e(I) be the minimal number of generators and the Hilbert-Samuel multiplicity of I, respectively. With a slight abuse of notation we will use ℓℓ(I) to denote the Loewy length of the artinian ring R/I, i.e., the smallest integer n such that m n ⊆ I.
The purpose of this note is to study the following simple inequality that connects these invariants of I.
It is easy to see that when one takes I = m c and lets c goes to infinity, the ratio between left side and right side in the above inequality goes to 1. So asymptotically, this is the best we can hope for. On the other hand, it is clear that inequality A does not always hold. For example, when 1 ≤ d ≤ 2 and I = m, the inequality implies that R has minimal multiplicity.
We expect inequality A to hold for all integrally closed m-primary ideals as long as R has "nice" singularities. In particular, in this note we shall prove that it is indeed the case for R regular or having small dimensions. The following summarizes our main results (for details, see Theorem 
In particular, inequality A always holds if R is regular. (2) If R is Cohen-Macaulay and d = 1, inequality A holds for all integrally closed, m-primary ideals if and only if R has minimal multiplicity. (3) If R is Cohen-Macaulay and d = 2, inequality A holds for all integrally closed, m-primary ideals if R has minimal multiplicity and m is normal (i.e., all powers of m are integrally closed). The converse holds if R is analytically unramified. In particular, inequality A holds for all integrally closed, m-primary ideals if R has an isolated rational singularity. (4) When d = 3, inequality A holds for all integrally closed, m-primary ideals if R has cDV
singularity (that is, for a general x ∈ m, R/(x) is an ADE singularity).
We also discuss and prove many related results, such as sharper and similar inequalities in the dimension 2 cases, as well as inequalities for multiplicity of fiber cones.
It is worth noting that our investigation and some of the results were inspired by other works with rather different flavors. Both sides of inequality A appears as upper bounds for dimension of the singularity category of a Cohen-Macaulay ring R (when d ≤ 2) in the work of the first author and Takahashi ( [2] ). It is thus natural to ask when such inequality always holds. Also, in dimension 2 some of our results can be proved by recent beautiful work on p g ideals by Okuma, Watanabe and Yoshida ( [19, 20] ). Finally, it turned out that the regular case in dimension two of Inequality A implies a special case of a conjecture by Huneke, Mustaţǎ, Takagi, and Watanabe on F -threshold.
As stated above, we expect the inequality A to hold when R has nice singularities. Just to be more focused, we would like to propose:
Question 2. Does inequality A hold for all integrally closed, m-primary ideals if R has Gorenstein terminal singularities?
The paper is organized as follows. Section 2 deals with preparatory materials, including a summary on m-full ideals. In the next section we prove inequality A for regular local rings. The result follows from a more general inequality for any local rings, see Theorem 3 and Remark 10. Section 4 handles the cases of dimension at most 3. We also present a few examples to illustrate the sharpness of our results. Section 5 discusses special cases in dimension two where one can sometimes obtain sharper inequalities and alternative proofs, including the geometric approach using the works in [19, 20] . In Section 6 we prove a special case of the conjecture by Huneke, Mustaţǎ, Takagi, and Watanabe on F -threshold. Section 7 analyzes the asymptotic version of our inequality, which leads to some new inequalities about multiplicity of the fiber cones. Finally in Section 8 we study the inequality for powers of maximal ideals, and specify the stringent conditions it forces on the singularity of R via the h-vector of the associated graded ring.
In general, I is m-full if there exists a faithfully flat extension R → S with infinite residue field such that mS is the maximal ideal of S and IS is mS-full. , we can harmlessly assume that the residue field of R is infinite. Then IS is integrally closed if and only if I is integrally closed and this extension does not change the number of generators, multiplicity, or the Loewy length.
It is not hard to see that there is no difference in establishing inequality A for m-full ideals or for integrally closed ideals. Proof. Assume (1) and let I be m-full. Since I ⊆ I and I is m-full, we must have that µ(I) ≥ µ(I) by Remark 4 and ℓℓ(I) ≥ ℓℓ(I). Now, inequality A holds for I and therefore for I if we recall that e(I) = e(I). Assume (2) and let I be integrally closed m-primary ideal. Then as dim R > 0, I must be m-full by Remark 4.
We also record the following elementary lemma that will be used later. Proof. It is enough to prove that for every ideal J ℓ(R/(J, xy)) ≤ ℓ(R/(J, x)) + ℓ(R/(J, y)).
For, if it holds, then we just need take J = I n and divide by n dim R/(xy) to get the desired conclusion. Note that dim R/(xy) ≥ max{dim R/(x), dim R/(y)} as R/(xy) surjects onto R/(x), R/(y).
Consider the short exact sequence
The claim now easily follows after tensoring it with R/J and and observing that R/(y) surjects onto (x)/(xy).
A general inequality and inequality A for regular local rings
In this section we will show that inequality A holds for a regular local ring of arbitrary dimension. In fact we will prove a more general inequality for an arbitrary local ring, utilizing the theory of m-full ideals discussed in the last section. Proof. We can assume that R has an infinite residue field (Remark 5). Let x be a general element such that Im : x = I. Furthermore, a general element can be taken to be a superficial parameter with respect to m (for example, see [11, Proposition 8.5.7] ), so we may assume that dim R/(x) = d−1 and e(R/(x)) = e(R). By [29, Theorem 2] we have
Next observe that µ(IR/(x)) ≥ d − 1, because IR/(x) is a 0-dimensional ideal in the ring R/(x) of dimension d − 1. Thus it will suffice to show that
for any m-primary ideal J of R.
Lech's inequality ([15, Theorem 3]) applied to JR/(x) in R/(x) gives that
Hence, using that e(R/(x)) = e(R) by superficiality of x, it is left to show that
Observe that x ℓℓ(J) ∈ J, so by [8, Proposition 28.1] e(JR/(x ℓℓ(J) )) ≥ e(JR) and the claim finally follows since e(JR/(x ℓℓ(I) )) ≤ ℓℓ(I) e(JR/(x)) by Lemma 7. . By looking at the asymptotic behavior, it is not hard to see that lech(R) ≥ 1. Our proof of Theorem 8 really shows the following. Let C be such that C ≥ lech(R/(x)) for a general x ∈ m. For any m-primary integrally closed ideal I,
On the other hand, if R is Cohen-Macaulay and d ≤ 1, it is not hard to see that lech(R) = 1 if and only if R is regular, so to get the best possible result for singular rings we need to use other methods. We shall do so in the next section.
Small dimensions
In dimension at most two and R is Cohen-Macaulay, inequality A forces R to have minimal multiplicity by letting I = m and using Abhyankar's inequality ([1, (1)]). In this section we will carefully study what happens in rings of dimension at most two and give necessary and sufficient conditions such that that inequality A always holds for m-primary integrally closed ideals. In dimension three, we are able to show that the inequality always hold if R has a compound Du Val singularity.
4.1. Dimension one. Proof. To see that R must have minimal multiplicity we apply the inequality to I = m.
For the other direction, observe that e(I) = ℓ(I n /I n+1 ) for n ≫ 0. Let k = ℓℓ(I) then m k I n ⊆ I n+1 for all n. Therefore
By Remark 5 we may assume that R has an infinite residue field. Let x be a minimal reduction of m and observe that for any m-primary ideal J
since J is a Cohen-Macaulay submodule of R. Since R/J has dimension 0, it follows that e(m, J) = e(m, R) = µ(m).
The above inequality on the number of generators gives that
By Remark 4, µ(I) ≥ µ(m) and the claim follows.
Remark 12. The proof shows that for any m-primary ideal
by Abhyankar's inequality, this observation strengthens the classical result of Akizuki-Cohen (see also [3, Corollary 2.3] ). Also, if J is m-full, then µ(J) = e(R) in any one dimensional local Cohen-Macaulay ring with minimal multiplicity.
Dimension 2.
In dimension two, we shall show that when R is analytically unramified, then inequality A holds for all m-primary, integrally closed ideals if and only if m is normal and R has minimal multiplicity. We employ the techniques developed by David Rees ([22] ), which allow us to exploit properties of mixed multiplicities. If the residue field of R is infinite, then e(I | J) = R/(a, b) where a ∈ I, b ∈ J are general elements ( [27] ). It follows from the definition that e(I n | J) = n e(I | J) for any integer n ≥ 1.
We start with an easy application of the machinery developed by Rees in [22] . We encourage the reader to look at [28] where a major part of Rees's argument is rewritten in a more accessible way.
Lemma 14. Let (R, m) be an analytically unramified Cohen-Macaulay local ring of dimension two. If J is a normal ideal with reduction number 1 then for any integrally closed ideal
Proof. First, we can extend the residue field without changing the inequality (Remark 5). Observe that J satisfies condition (ii) of [22, Theorem 2.6] . Hence, using [22, Theorems 2.5 and 2.6], we obtain that
where a ∈ I, b ∈ J are general elements. Now, in the notation of [22, Theorem 2.1] with c = R and using the formula
obtained in its proof, we have that
As a corollary we generalize a result of Okuma, Watanabe, and Yoshida ([19, Theorem 6.1]). Proof. Let J = m in the previous lemma. and we may use the preceding corollary.
We have just obtained a class of analytically unramified rings that satisfy our inequality. The converse also holds, but will require more work. Proof. Since m n is m-full, by a result of Watanabe ( [29] ) for a general element x µ(m n ) = ℓ(R/(m n , x)) + µ(m n R/(x)).
Since R/(x) has dimension 1, by the proof of Theorem 11, µ(I) ≤ e(R/(x)) = e(R) for any ideal I of R/(x). Thus we can easily estimate
and the desired inequality follows. Equality would force ℓ(R/(m n , x)) = ℓ(R/(m n , x)), thus (m n , x) = (m n , x).
Combining with the results of Huneke and Itoh we can prove the converse of Corollary 16. Proof. Since we may assume that the residue field is infinite, so two general elements x, y ∈ m will form a minimal reduction of m. By hypothesis µ(m 2 ) = 2 e(R) + 1, so Lemma 17 shows that
and, by the Huneke-Itoh theorem ([14, Theorem 1]),
Thus m 2 is integrally closed. It was shown by Itoh in [14, Proposition 10] , that
Of course, we already know that m 2 = m 2 = (x, y)m, so the above inequality gives us that the normal Hilbert polynomial P (n) is bounded above by the minimal multiplicity polynomial e(R) First, observe that, for I = m, the inequality implies that R has minimal multiplicity. Consider m n . Clearly, ℓℓ(m n ) = n and e(m n ) = n 2 e(R), so we obtain that n e(R) + 1 ≤ µ(m n ).
By Lemma 17, µ(m n ) = n e(R) + 1 and the latter is also equal to µ(m n ) because R has minimal multiplicity. Thus the assertion follows from Theorem 18. The ideals for which this inequality is actually an equality are said to have minimal mixed multiplicity.
Thus our condition (c) says that every m-full m-primary ideal has minimal mixed multiplicity. When R is an excellent normal local domain over an algebraically closed field, then R ∈ C precisely when m is a p g -ideal in the sense of [19] .
]]/(x 2 + y 5 + z 5 ) and I = (x, z 3 ) = (x, y 3 , y 2 z, yz 2 , z 3 ). Thus R is a complete local ring with minimal multiplicity and I is an integrally closed m-primary ideal.
Observe that e(I) = ℓ R/(x, z
On the other hand, µ(I) = 5 and (x, y, z) 3 ⊆ I, so (µ(I) − 1) ℓℓ(I) < e(I).
Dimension three.
Definition 25. We say that a three-dimensional local algebra R over an algebraically closed field of characteristic 0 is a compound Du Val singularity (cDV) if the completion of R is isomorphic to a hypersurface
) is a Du Val surface (i.e., a rational double point) and g is arbitrary.
By definition, a cDV singularity has a Du Val singularity as a hyperplane section (t = 0). However, a result of Miles Reid ([24, Corollary 2.10]) asserts that a general hyperplane section has a Du Val singularity.
The following corollary is an evidence for Conjecture 2, since cDV singularities are canonical.
Corollary 26. Inequality A holds if R has a cDV singularity.
Proof. The key ingredient is a result Goto, Iai, and Watanabe in [7, Proposition 7.5] which asserts that every m-primary ideal I in a Du Val singularity satisfies the inequality e(I) ≤ 2ℓ(R/I) (as if it was a regular local ring). Thus we may just follow the proof of Theorem 8, see Remark 10, and use that for a general linear form f ∈ m the quotient R/(f ) is isomorphic to the rational double point.
Alternative proofs and related inequalities in dimension two
In this section we collect and discuss a few related inequalities in dimension two. For instance, one can give sharper and easier proofs when R is regular. For rational singularites one can give an alternative proof using fiber cones. The relation to the work of in [19, 20] will be clarified. Recall that the order of I, ord(I), is the largest integer s such that I ⊆ m s .
Theorem 27. Let (R, m) be a two-dimensional regular local ring, then for a full, m-primary ideal I e(I) ≤ ℓℓ(I)(µ(I) − 1) = ℓℓ(I) ord(I).
Proof. It is classical, see for instance [11, Chapter 14] that µ(I) = ord(I) + 1 if and only if I is m-full if and only if I is full. Let k = ℓℓ(I), then m k ⊆ I, then m k I n ⊆ I n+1 , so
It was shown by Lipman-Zariski ( [16] ) that the product of full ideals in still full, so m c I n is full and, thus, µ(m c I n ) = ord(m c I n ) + 1 = n ord(I) + c + 1 since ord is a valuation. Therefore,
Therefore, as n approaches ∞, we obtain that e(I) ≤ k(µ(I) − 1), which proves the assertion. Remark 30. Still assume that R is regular of dimension 2. We have that I ⊆ m ord(I) , so
Since m i I n ⊆ I n and is m-full, one can show as above that e(I) ≥ ord(I)(µ(I) − 1) = ord(I) 2 .
Using fiber cones we can give another proof of our inequality for rational singularities. Remark 32. Corollary 31 can be obtained using the geometric techniques of Okuma, Watanabe, and Yoshida ( [19, 20] ). If R is normal, we can find a resolution of singularities X → Spec R such that the ideals IO X and mO X are invertible. In this case, there exist anti-nef cycles Z, M supported on the exceptional divisor of X such that IO X = O X (−Z) and mO X = O X (−M ). Under this assumptions we can compute multiplicity as a self-intersection number, e(I) = −Z 2 . In the notation of [19] , the statement asserts that our inequality holds for all integrally closed mprimary ideals I if m is a p g -ideal. In this case, as remarked in [19 Remark 33. Lemma 17 can also be obtained using the techniques of [19] . In [19, Theorem 6.1] it was shown that
where a ∈ I, x ∈ m are general elements and M Z is the intersection number. Of course, µ(I) = ℓ(I/mI) + ℓ(mI/mI), so
Therefore, if I = m n and, thus, Z = nM , we obtain that µ(I) ≤ −nM 2 + 1 = n e(m) + 1.
Remark 34. Next, we discuss another related inequality. If I is an m-full ideal then we know that µ(I) ≥ µ(J) for any I ⊆ J. Observe that I ⊆ m ord I , so µ(I) ≥ µ(m ord I ).
If R has minimal multiplicity we know that
In dimension 2 the formula above tells us that µ(m ord I ) = e(R) ord(I) + 1, so
in other words (µ(I) − 1)ℓℓ(I) ≥ e(R) ord(I)ℓℓ(I). Therefore, one can study the inequality:
e(R) ord(I)ℓℓ(I) ≥ e(I).
In general it could be a finer inequality then inequality A. Note that this holds for all ideals in a regular local ring of dimension 2 by Theorem 27. To show this just observe that e(I) = e(Ī), but ℓℓ(Ī) ≤ ℓℓ(I) and ord(Ī) ≤ ord(I) because I ⊆Ī.
A conjectured inequality on F -thresholds
In this section we discuss a conjecture posed by Huneke, Mustaţǎ, Takagi, and Watanabe ([10, Conjecture 5.1]). We shall show that a special case of this conjecture in dimension two follows from inequality A. This result was suggested by a conversation with Mircea Mustaţǎ after a talk given by the first author at the University of Michigan.
Before we state the conjecture, let us recall that the F -threshold of an ideal a with respect to a parameter ideal J = (x 1 , . . . , x d ) is defined as the limit (the fact that the limit exists was settled fairly recently in [4] ): 
We will show that a special case of the above conjecture follows from Inequality A. The proof is adapted from [10, Theorem 3.3] . Note that the proof of that result contains a mistake, as explained in the footnote on the page 132 of [12] .
Proposition 37. Let (R, m) be regular local ring of dimension d > 1 and characteristic p > 0. If J ⊆ m is an ideal generated by system of parameters, then
Proof. Let c = c J (m). By [10, Proposition 2.2 (vii)] this gives us that for all e 0 and all sufficiently large e (depending on e 0 ),
Let r = ord(J) and observe an induced inclusion
By [10, Example 2.
Let ν a discrete valuation centered at m, then from the containment we have
Dividing by p e and taking the limit gives
Now, we may let e 0 go to infinity and obtain that (c − r)ν(m) ≥ (d − 1)ν(J). Since ν is arbitrary, we obtain that m We note also the following relative version of Inequality A, which might be relevant for the general case of Conjecture 35. We will use ℓℓ J (I) = min{N | J N ⊆ I}. Proof. By definition, e(I) ≤ e(I | J ℓℓ J (I) ). The result now follows from Lemma 14, since every integrally closed ideal in a rational singularity is normal and has reduction number 1 ([17] ).
The asymptotic inequality and fiber cones
In this section we focus on asymptotic versions of Inequality A and its relationship to the multiplicity of the fiber cone.
Definition 41. Let I be an ideal in a local ring (R, m). The fiber cone of I is the graded ring
n /mI n and the normal fiber cone of I is defined as the graded ring
Alternatively, the fiber cone is closed fiber of the Rees algebra R[It] and the normal fiber cone is the closed fiber of its normalization in R[t].
Observation 42. Suppose that Inequality A holds for large powers of an ideal I. Then
and in the limit we obtain that e(I) ≤ e(F(I)) lim n→∞ ℓℓ(I n ) n ≤ e(F(I))ℓℓ(I), since ℓℓ(I n ) ≤ nℓℓ(I). Alternatively, we may apply Inequality A to the integral closures I n and obtain another version:
where we have used e(I) to denote lim
The next theorem asserts that the second asymptotic inequality always holds. Proof. Let k = ℓℓ(I) and observe that
Since dim R > 0, I n = √ 0 so it is m-full by [6, Theorem 2.4] . Thus µ(I n+i ) ≥ µ(m i I n ) because I n+i ⊆ m i I n . Hence we obtain that ℓ I n /I n+1 ≤ µ I n + · · · + µ I n+k−1 .
Observe that dim R = dim F(I) since I is m-primary. Thus e(I) = lim Proof. Since R is analytically unramified, by a classical result of Ratliff ([21, Theorem 2.7, Corollary 4.5]) there exists s > 0 such that I ns = (I s ) n for all n, i.e., I s is normal. Hence
and the corollary follows after noting that ℓℓ(I) ≥ ℓℓ(I).
Remark 46. It is worth noting that Ratliff's result also shows that e(F(I)) ≤ e(F(I)). Namely, since I s is a reduction of I s , for some constant c we have Proof. As above, we choose s so that I s is normal. Applying Theorem 43 to I s , we obtain the inequality e(I s ) ≤ e F(I s ) ℓℓ(I s ). Now, the statement easily follows after observing that e(I s ) = e(I s ) = s d e(I) and
Powers of the maximal ideal and h-vectors
In this section we will study the restrictions on the singularity obtained by requiring Inequality A to hold for all (large) powers of the maximal ideals. Proof. If R has minimal multiplicity, then necessarily the Hilbert function is µ(m n ) = e(R)n + 1 and the inequality follows for all powers. Clearly, b ⇒ c, so we establish the last implication. Inequality A applied to m n gives the formula
Let the Hilbert polynomial of R be µ(m n ) = e(R)n + c. Hence, if the inequality holds for infinitely many n, then we must have c ≥ However, all integrally closed ideals in a ring of dimension two with minimal multiplicity may not satisfy Inequality A, as we know from Theorem 1. It is easy to see that one direction holds in all dimensions. Remark 50. By looking at the Hilbert functions one can see, as we do below, that minimal multiplicity is not necessary in dimension at least 3. Now let us investigate more carefully what happens in higher dimension. For the powers of maximal ideal, the problem immediately reduces to the graded case, so we assume R is a standard graded k-algebra. Suppose that the Hilbert series of R is given by
so (a 0 , a 1 , . . . , a h ) is the h-vector. So asymptotically, we need this coefficient to be non-negative, etc. We summarize our findings in:
Proposition 51. Let (R, m) be a local ring and let (a 0 , a 1 , . . . , a h ) be the h-vector of the associated graded ring of m. Proof. This is straightforward from the preceding discussion and some elementary algebra.
Remark 52. When c is small, inequality A forces more stringent conditions on the singularity. For example, when c = 1, we must have
here n is the embedding dimension of R. We do not know if this holds for a large class of singularities. The most reasonable guess would be Gorenstein rational or terminal singularities. Note that similar bounds have been proven for rational sinularities by Huneke-Watanabe in [13] . However, for n large those bounds are weaker than the inequality above. One can also use examples from loc. cit. to see that for our inequality to hold for all integrally closed ideals, assuming R to have rational singularities (but without being Gorenstein) is not enough.
